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Introduction 
 
Hypercomplex number systems(HNS) and, in particular, quaternions are widely used in 
solving many scientific problems and equipment in the mechanics of solids for describing the 
rotation in space, navigation problems, orientation and motion control, in computer animation, 
deformation study elastic structures, filtration colored imaging, cryptography, data constructing 
fast algorithms and many others. Research in this field are currently in [1-7].  
Generalized quaternions were introduced K. Gödel in 1949 to represent the space-time 
groups. In [8] he presented solutions of Einstein's gravitational field equations by using 
generalized quaternions. 
Investigation of generalized quaternions dedicated work of many other authors, for 
example, [9-15]. 
In [16] generalized quaternions proposed for increasing the resistance of the electronic 
digital signature in the RSA algorithm. This requires the creation of mathematical models of 
various representations of nonlinearities of the generalized quaternion, and, above all, of the 
exponential function and its inverse function - logarithm of the generalized quaternion. 
However, in these studies did not under consideration of constructing representations of various 
nonlinear functions of generalized quaternions, and, above all, exponential and logarithmic 
functions. 
Generalized quaternion is: 
44332211 eaeaeaeaq  ,              (1) 
where іa - real number,  іе , 4,..,1³  - basic elements that match the following table Cayley: 
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where  ,     R. 
 
1. Formulation of the problem 
Determination of exponential and logarithmic functions is based on the idea of infinite 
power series, as suggested by the founder of the theory of hypercomplex numbers W.R.Hamilton 
[17]. This creates great difficulties in the use of these functions in the simulation. 
The paper deals with the construction of such representations exponential and logarithmic 
functions of the generalized quaternion in which these infinite series of are collapsed to final 
form. This enables them to be successfully used in the computer simulation. 
Due to the complexity of the implementation of the necessary reforms of the problem it 
was only possible using symbolic computation system Maple. 
As shown by experimental research [18], the use of representations of exponential and 
logarithmic functions significantly reduces the number of calculations. 
 
2. The method of constructing representations of exponential hyper variable via 
the associated system of linear differential equations 
Later hypercomplex numbers will be denoted by upper case Latin letters: 
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а column vectors composed of components hypercomplex numbers - upper case Latin letters 
with a dash 
 TnxxX ,...,1 ,      
T
nmmM ,...,1 .                    (4) 
Then the main provisions of the proposed method of construction of representations of 
exponential hyper variable via the associated system of linear differential equations, which are 
presented in [19 - 23], are as follows. 
Presentation of the exhibitors in the hypercomplex number system  neГ , , the number of 
which  neГM , will be denoted  MExp , there is a particular solution of the linear differential 
equation hypercomplex 
MXX                       (5) 
with the initial condition 
  0Exp ,                      (6) 
where   - a single element of the system  neГ , . 
 Equation (5) is called the defining. 
To construct solutions hyper linear differential equation (5) it must be represented in vector-
matrix form: 
MXX  .                      (7) 
 In this case a column vector on the left side is of the form: 
 TnxxX 
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Since hypercomplex number is the product of two hyper complex numbers MX , it looks like: 
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where 
k
ij - structure constants of HNS. Therefore, a column vector MX  is of the form: 
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Column vector MX  can be represented as a matrix product the size nn  of a matrix   
by a vector-column X : 
XMX  .                  (11) 
 Wherein 
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Then hypercomplex equation (7) will turn into a system of n  linear differential equations 
of first order, which is called the associated system of linear differential equations 
XX  .                    (13) 
Next, you need to find the characteristic values n ,...,1 of the matrix  , that is, to solve 
the characteristic equation 
0 E .                   (14) 
Thus, the characteristic values of the components will depend on the part of 
hypercomplex number M . 
Then construct the general solution depends on 2n  arbitrary constants of which are 
nn 2 linearly dependent on the n  available variables. Excluding dependent constant, we can 
obtain the general solution of the equation (7), depending on n  arbitrary constants― 
),...,,( 1 nCCtX . The values of the arbitrary constants are set by the initial conditions (6). The 
components of the column vector X  of the solution and will be exhibitors from hypercomplex 
numbers M  
  i
n
i
iexMExp 


1
.                   (15) 
 
3. Construction of exhibitors presenting a generalized quaternion 
 
  
In accordance with (9) vector-matrix system of equations (7) takes the form: 
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а equation (14) becomes the equation for the parameter  . 
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 If we introduce the notation: 
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then from (17) in the Laplace Theorem we have: 
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 The solutions of the equation (19), taking into account the determinants of values (18) are 
two pairs of double roots: 
mm  12,1 , mm  14,3 ,                   (20) 
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2 mmmm    not known, the solution of equation (13) must 
be solved in the form of: 
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Of the 16 arbitrary constants ikC  are independent only 4. They can be found from the initial 
conditions of the form (6): 
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 With this in mind, the solution of equation (13) take the form: 
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If tmi we denote im , in accordance with (15) we obtain the final expression for the 
exponential representation of the generalized quaternion: 
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It can be shown that this formula by substituting the respective values of the parameters   and 
 will give an exponent in hypercomplex number system, Cayley table is obtained from the table 
(2) by substituting in it the same values   and  . For example, as shown in [[13-15]], and the 
table when the Cayley’s table becomes to table Cayley of ordinary quaternions. Then from (21) 
we have: 
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and using Euler's formula we obtain a representation of the quaternion exponential [20, 22,24]:
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 It should be noted that the representation (26) is not satisfied the main characteristic 
property of exhibitors: exhibitor's arguments amount equal to the product of the exponents of 
separate arguments: 
)()()( 2121 MExpMExpMMExp  . 
This fact, which can be verified directly by using (26), is due to non-commutative 
multiplication of generalized quaternions. 
However, a remarkable is that kind of representation (26) is invariant with respect to the 
switching of the factors in determining the equation (5). This is because, as shown in (10), the 
fact that the solution of the equation (5) can be represented as the sum of a power series 
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which, since associativity of multiplication of generalized quaternions, it has a unique value. 
 
4. Building a presentation of the logarithmic function of the generalized quaternion 
 
 In accordance with the definition of the logarithmic function as the inverse exponential 
[25-29] from the expression (26) 
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But to represent a logarithmic function of the generalized quaternion needed to the left 
under the logarithm sign was hypercomplex numbers, and the right - hypercomplex function: 
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 To determine the type of function ),,,( 4321 xxxxfk to be resolved with respect 
4321 ,,, mmmm to a system of four equations: 
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The system (30) is a very difficult structure, since it contains the irrationality of the unknown 
variables, the signs radicands unknown, and exponential functions, in terms of which are the 
irrationality. Therefore, its solution is generally difficult. However, this type is greatly simplified 
by fixing the sign under the radical irrationality. This is because the Euler formula for 
exponential functions can be reduced to either a trigonometric function or a hyperbolic. It is 
therefore advisable to consider two cases: 0m  and 0m .  
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In this case, the use of Euler's formula, and mim   the resulting conversion system 
(30) as follows: 
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 Multiplying the last three equations, respectively ,  and  , erecting all the equations 
in the square and adding them, we obtain: 
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 We introduce the notation 
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Then, from the first equation (32) we obtain:  
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Substitution of (33), (37) and (38) in the last three equations of system (32) produce: 
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Transition to (39) on cosArc  to the main values arctg  and substituting in (28) gives the final 
formula for the logarithmic function in this case: 
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In this case, the use of Euler's formula gives the system (30) as follows: 
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Multiplying the last three equations, respectively ,   and  , erecting all the equations in the 
square and subtracting the last three of the first, we get:  
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Then, from the first equation of system (32) we get: 
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Substitution of (43), (47) and (48) in the last three equations of system (31) produce: 
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Transition in (48) from arch to arth  and  a substitution in (27) gives the final formula for the 
logarithmic function in the second case: 
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Using views exponential and logarithmic functions as (27) and (50) resulted in significant 
reduction number of calculations 
 
  
Summary 
 
 The results obtained in this paper presenting exponential and logarithmic functions in the 
system of generalized quaternions gives the opportunity to get representation for many classes of 
non-commutative hypercomplex numerical fourth dimension systems. In contrast to existing 
work to create these views using the method developed by the authors associated with the HNS 
system of linear differential equations in combination with the use of symbolic computation 
system. Using presentation exponential and logarithmic functions in the system of generalized 
quaternions simplifies the analytical construct, and significantly reduces the number of 
calculations by computer simulation. 
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